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Abstract
In this paper, we consider non developable ruled surface with spacelike ruling, timelike
ruling, respectively. We give the relations between the structure functions with the curvature
and torsion of the striction line of the timelike and spacelike non developable ruled surfaces.
Also, we have calculated the gaussian and mean curvatures of timelike and spacelike non
developable ruled surfaces using the structure functions.
Introduction
It is known that a closed ruled surface has two integral invariants in called the pitch and the
angle of pitch,[4], [5]. In recent years several authors have used these invariants in their
investigations in  [1], [2]. In one of the latest papers, in [3] the authors studied the relations
between the structure functions of the ruled surface and the curvature, torsion of the striction
line of the ruled surface. Also, their introduced the invariants of non developable ruled
surfaces and kinematical characterizations of non developable ruled surface in Euclidean 3-
space. In [2] , the authors defined pitch function for any non developable ruled surfaces and
use this notion to give a new characterization of B scrolls in Minkowski 3- space. In this
paper, we give the relations between the structure functions of the timelike and spacelike non
developable surfaces and the curvature, torsion of the striction line of the timelike and
spacelike non developable ruled surfaces in Minkowski 3-space. Then, we study timelike and
spacelike non developable ruled surfaces in Minkowski 3-space in terms of the mean
curvature and the gaussian curvature.
Preliminaries
Let us consider Minkowski 3-space  3 31 1 , , ,IR IR      and let the Lorentzian iner
product of  1 2 3, ,X x x x and   31 2 3 1, ,Y y y y IR  be 1 1 2 2 3 3,X Y x y x y x y   .
A vector 31X IR is called a spacelike vector when , 0X X  or 0X  . It is called timelike
and null(ligtlike) vector in case of , 0X X  and , 0X X  for 0X  , respectively,[6].
The vector product of vectors  1 2 3, ,X x x x and  1 2 3, ,Y y y y in 31IR is defined
by [7],
 2 3 3 2 1 3 3 1 2 1 1 2, ,X Y x y x y x y x y x y x y     .
A regular curve   31:s I IR  , I IR in 31IR is said to be a spacelike, timelike and
null curve if the velocity vector  ' /s d ds  is a spacelike, timelike or null vector,
respectively,[8].
A surface in 31IR is called a timelike surface if the normal vector on the surface
spacelike vector and is called spacelike surface if the normal vector on the surface timelike
vector.
Let      ,X u v u vb u  be a non developable ruled surface in 3E with  2 1b u 
and the parameter u is the arc length parameter of   b u as a unit spherical curve in 3E . The
spherical Frenet formulas of   b u unit spherical curve can be written as
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where              ',    andx u b u x u u y u u x u     ,[3].
The pitch  0u of the ruled surface      ,X u v u vb u  with spacelike ruling or
timelike ruling at  0u is defined by
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where  u the pitch function of the ruled surface  ,X u v in 31IR ,[2].
For one parameter unit vector field  b u with  ' 1b u  , the function
        '' ': ,u b u b u b u   
is called angle (density) function or called self spinning (density) function of vector field
 b u ,[1].
Let      ,X u v u vb u  be any non developable ruled surface in 3E and  u
the striction line of  ,X u v such that    ' 1b u b u  . The angle function (self spinning
function) of vector field  b u is called angle (density) function of pitch or self spinning
(density) function of the non developable ruled surface  ,X u v , [1]. Therefore, we have
   gu k u  .
Then the angle angle (density) function of pitch or self spinning (density) function of
one parameter unit vector field  b u is the spherical curvature function of which  b u is
considered as a unit spherical curve in 3E ,[1].
Let      ,X u v u vb u  be any non developable ruled surface and  u the
striction line of  ,X u v such that          ' u u x u u y u    , here
        , ,u x u b u y u  is the spherical Frenet frame of the spherical curve   b u ,[3].
3. Non Developable Timelike Ruled Surface in Minkowski 3-Space
Let      ,X u v u vb u  be a non developable timelike ruled surface in Minkowski
3-space 31IR with    , 1b u b u   and    ' ', 1b u b u  , that is, u is the arc length
parameter of  b u as a curve on the Sitter space 21S (when    , 1b u b u  ) or hyperbolic
space 2H (when    , 1b u b u   ). We also assume that the base curve  u of the
timelike ruled surface  ,X u v is the striction line of the surface, that is    ' ', 0u b u  .
3.1. Non Developable Timelike Ruled Surface with Spacelike Direction
Let      ,X u v u vb u  be a non developable timelike ruled surface with
   , 1b u b u  . Choosing              ',    andx u b u x u u y u u x u     , the
spherical Frenet formulas of unit spherical curve   b u can be written as,
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1,     timelike vector
1,     spacelike vector.
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We consider the properties and relations of the structure functions of non developable
timelike ruled surface with spacelike direction.
Let      ,X u v u vb u  be a non developable timelike ruled surface with spacelike
direction(when    , 1u u    ) and  u the striction line of  ,X u v such that
         ' u u x u u y u     , here       , ,u x u y u is the spherical frenet frame of the
spherical curve   b u , u is the arc length parameter of  b u . The definition of the structure
function  u . We have    u u   .
Theorem 3.1.1.
Then the curvature function  u and torsion function  u of the striction line  u of
 ,X u v are given by
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Also, the Gauss curvature and mean curvature of  ,X u v are
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By a direct calculation we can get the conclusion of this theorem, where
1,          timelike vector
1,         spacelike vector
n
n
  .
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where      ,   and gu u k u  structure functions of  ,X u v . Also, the first fundamental
quantities of  ,X u v are
     2 2 2 ,   ,   1.E u u v F u G       
The second fundamental quantities are
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The Gauss curvature and mean curvature of  ,X u v are
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Let      ,X u v u vb u  be a non developable timelike ruled surface with spacelike
direction(when    , 1u u    ) and  u the striction line of  ,X u v such that
         ' u u x u u y u    .
Theorem 3.1.2.
Then the curvature function  u and torsion function  u of the striction line  u of
 ,X u v and the Gauss curvature  ,K u v and mean curvature of  ,H u v of  ,X u v are
given by
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Proof. The first fundamental quantities of  ,X u v are
     2 2 2 ,   ,   1.E u u v F u G       
The unit normal vector is spacelike vector
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The second fundamental quantities are
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The Gauss curvature and mean curvature of  ,X u v are
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3.2. Non Developable Timelike Ruled Surface with Timelike Direction
Let      ,X u v u vb u  be a non developable timelike ruled surface with
   , 1b u b u   . The spherical Frenet formulas of unit spherical curve   b u can be
written as,
   
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where              ',    and     .x u b u x u u y u u x u    
Let      ,X u v u vb u  be a non developable timelike ruled surface with timelike
direction and  u the striction line of  ,X u v such that          ' u u x u u y u     .
The definition of the structure function  u . We have    u u   .
Theorem 3.2.2.
Then the curvature function  u and torsion function  u of the striction line  u of
 ,X u v are given by
     
 
     
    
22 2 2 ' '
2
32 2
2 2 '' '' ' ' ' ' '
222 2 ' '
2 2
g
g g g g g g
g
k
k k k k k k
k
     
 
            
     
   

         
   
Also, the Gauss curvature and mean curvature of  ,X u v are
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Proof.
The first fundamental quantities of  ,X u v are
     2 2 2 ,   ,   1.E u u v F u G        
The unit normal vector is timelike vector
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The second fundamental quantities are
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The Gauss curvature and mean curvature of  ,X u v are
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4. Non Developable Spacelike Ruled Surface in Minkowski Space
Let      ,X u v u vb u  be a non developable spacelike ruled surface. Choosing
             ',    andx u b u x u u y u u x u     , the spherical Frenet formulas of unit
spherical curve   b u can be written as,
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1,     spacelike vector
1,    timelike  vector.
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Theorem 4.1.
Then the curvature function  u and torsion function  u of the striction line  u of
 ,X u v and the Gauss curvature  ,K u v and mean curvature of  ,H u v of  ,X u v are
given by
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where    timelike  vectory u ,
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where    spacelike  vectory u .
Proof.
The first fundamental quantities of  ,X u v are
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The unit normal vector is timelike vector
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The second fundamental quantities are
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The Gauss curvature and mean curvature of  ,X u v are
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 
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where  y u timelike vector.
The first fundamental quantities of  ,X u v are
     2 2 2 ,   ,   1.E u u v F u G       
The unit normal vector is timelike vector
     
 2 2 .
u u vy un
u v
 

 

The second fundamental quantities are
       ' ,   ,   0.L u v u u M u N      
The Gauss curvature and mean curvature of  ,X u v are
      
         
    
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2 2 2 2 2 2
2, ,         ,2 2 2
u u u u v u uK u v H u vu v u v u
     
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     
where  y u spacelike vector.
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